Quadratic function

[NETIVIITY 1) Area of a square

Consider the square with side length x shown on the right. -

&} What is the rule of the function which associates the side x with the area y of this .
square?_ Y =x

b} Complete the table of values giving the area y as a function of the side length x.

x 0 0.5 1 1.5 2 3 Al
v 0 (025 1 [225| 4 9

¢} Represent the function in the Cartesian plane.
¢} Explain why the domain of the function is R, .

The side x of a square cannot be negative.

_._‘-
VY=

e} Is the rate of change between any two points on the graph constant?
No

[\CTIVIITY 22 Basic quadratic function

Consider the function f(x) = x?.
2} Complete the table of values below.

x -2, -1,0111%2
y lal1i0}11}4

) Represent the function in the Cartesian plane.
¢} 1. Explain why f(-x) = f(x), for all x.

Two opposite numbers have the same square. Indeed, (-x)? = x2.

ﬁ‘r

2. Therefore, what does the y-axis represent for the curve drawn? _An axis of symmetry.

d} Determine

1. dom f. is 2. ranf. R,
3. the zero of f g 4. the y-intercept of f. g
&} What is the sign of function f? f(x) = 0 over R
f} Over what interval is function f
1. decreasing? }==. 0] 2. increa’éing? {0, +oof

g} What is the minimum of function f? 0
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BASIC QUADRATIC FUNCTION

* The tunction f{x} = x? is called the basic quadratic function. =
¢ The Cartesian graph is a parabola with vertes V(0, 0).
— dom f=R.
~- ranf=R,. _
— The y-intercept of fis 0. L
— The tunction has only one zero, which is equal to 0. Vx € R: f(x) = 0. 0 '; >

— The function is decreasing over J-e, 0], increasing over [0, +c].

— The minimum of the function is 0,

— The rate of change between any two points on the graph is not constant.

~ The y-axis with equation x = 0 is an axis of symmetry for the parabola. Vx € R: fi—x) = f(x).

e

T. Consider the basic quadratic function f(x) = x2.

a} Explain how to deduce the graph of the function g(x) = —o?
By a reflection about the x-axis.

b} Draw the graph of function g

¢} Determine

1. domg. R 2. rang._ R
3. the zeroofg © 4. the y-intercept of g. _0
d} What is the sign of function g?_9(x) < 0, Yx€R AN £
) Over what interval is function g ‘ L
1. increasing? _ I, 0] 2. decreasing? [0, +o[
f} What is the maximum of function g_0

[A\CTIVIAY &5 Role of parameter
a} Consider the basic quadratic function y = %2 and the function
flx) = ax? (a > 0).
1. Represent function f when
- =y | =
1)aﬁz. Z)a—z. ) a=2,
2. As parameter a increases, do you observe a vertical stretch

or reduction of the parabola?
A vertical stretch.
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-} Consider the quadratic function y = —x? and the function
flx) = ax? (a < 0).

1. Represent function f when

1} a= T 2) a > 3) a=-2.

2. As the absolute value of parameter a increases, do you observe
a vertical stretch or reduction?

A vertical stretch.

¢} Consider the parabola with equation y = ax?.

Is the parabola open upward or downward when

1. a>0?_Upward 2. a<0? _Downward

=Y

s

‘l

[TV () Interpretation of parameter a —

A real estate agent sells square-shaped lots. The cost of each lot is $10
per m?,

2} Find the rule of the function f which associates the measure x of
the side with the cost y of the lot. _¥ = 10x*

b} The rule of the function is of the form y = ax?.
1. Identify parameter a. a=10

2. Interpret parameter a in this situation.
a represents the cost per m? of each lot.

We say that the cost y is directly proportional to the square of the
side length x.

¢} Complete the table of values of function f.

X 0 10 15 20 30
o 10060 | 2250 : 4000 | 9000 |

d} Represent function fin the Cartesian plane on the right.

Cost A

ROLE OF PARRMETER a

Consider the parabola with equation y = ax? and vertex V(0, 0).

* The sign of a determines whether the parabola is open upward or
downward.
— a > 0: the parabola is open upward.
— a < 0: the parabola is open downward,

* The absolute value of a influences the opening of the parabola.

As the absolute value of a increases, we observe a vertical strerch of
the parabola.
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Z. The graph of the function f(x) = x? is drawn on the right. Deduce
the graph of

a) glx) = %x?-. b) h(x)= %xZ.
Q) i(x) =—«°. d} jlx) =—242.

[A\@FIVIY 5 Graphing a parabola

Consider the function f(x) = -2x2. Ay
\-__“ ]—-
a} Is the parabola open upward or downward? Justify your answer. ; 4
Downward since a < 0. 1 =
b) Determine the coordinates of the vertex. (0> 9)
¢) Complete the table of values below.
X -2 -1 0 1 2
y=22| -8| -2{ o -2 | -8
d} Draw the parabola in the Cartesian plane on the right.
GRAPHING THE PARABOLA y = ax?
Procedure Bxcy— %xz
1. Determine the opening according to the 1. Open upward since a > 0.
sign of a.
2. Determine the coordinates of the vertex. 2. V0.0
3. Complete a table of values. 3 x¢{3f21-1101112]3
v=a2|45| 2 [05] 0 05| 2 |45
4. Draw the parabola. 4. Ay
=+
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Z . Draw the following parabolas.
a) y=2x7

xY

e

&. A rectangular field is twice as long as it is wide. Land is sold $10/mz2. CosT Ay

a) Find the rule of the function which associates the width x (in m) ®
of the field with its cost C (in $).
C = 20x?

) Draw the graph of this function.

<) If the field cost $8000, what will be the cost of putting a fence 1080+
around it if each metre of fence costs $307__$3600

x

0] s “Width
5. A square-based prism has a height equal to 25 cm. Let x represent the i

length of the base’s edge.

) Find the rule of the function which associates the length of the base’s edge with the
volume V of the prism._V = 25 x2

bj If the prism has its volume equal to 3600 cm3, what is the length of the base’s edge? 12 cm.

6. The distance d (in m) traveled by a free-falling object as a function of the time t (in sec) elapsed
since it was dropped is described by the rule d = 4.9 2.

a} Complete the table of values on the right. ol o 1§ 2 3 4

b} Calculate the average speed of the object d 0 49 | 196! 44.1 | 78.4
between time -

4.9 14.7 24.5 34.3
1. Osand1s mfs 2. 1sand2s mfs_ 3. 2sand3s mfs 4. 3sand4ds mss

¢} Is the average speed of the object constant? What can you say about it?

The average speed is not constant. It increases with time.

d) After how many seconds, rounded to the nearest unit, will the object hit the ground if it
was dropped from a height of 180 m?___After about 6 seconds.
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¢} The speed v (in m/s) of the object at time ¢ is described by the rulev = 9.8 ¢. Determine,
rounded to the nearest unit, the speed of the object when it hits the ground.

1. Inm/s. 59 m/s 2. Inkm/h. 212 km/h

7. A real estate agent is selling square-shaped lots. A lot with sides of length 25 mis sold $11 250,

a} What is the rule of the function which associates the length x of the side of a lot with its
cost C (in §)? _C = 18x?

I} What is the cost of a lot with sides of length 20 m? _ $7200
¢} What is the side length of a lot sold for $16 200? 30 m

2. A square-based pyramid has a height equal to 12 cm. Let x represent the length (in cm) of the
base’s edge and V its volume.

%

@} Find the rule of the function which associates the edge length x with the volume V. V=%

b} Find the rule of the function which associates the volume V with the edge length .
JV

x="7

¢} Determine
1. the volume of the pyramid if the base’s edge measures 10 cmn. 400 cm3
2. the length of the edge of the pyramid’s base if its volume js equal to 100 cm3. _5 cm

BST0VY (5 Finding the rule y = ax?
The parabola on the right has vertex V(0, 0) and passes through the point | 7\
A(2, 6). - Al2,6)

@} Explain how to find the equation of the parabola. In the equation
v = ax?, we find a after replacing x and y with the coordinates of point A.

b} Find the equation of the parabola.
—a- 22 il - Tt
6=a 2:>a—2.Thus,y 2x2. !

o[ e
FINDING THE RULE y = ax?

We find the value of parameter a by replacing, in the rule, x and y by A
the coordinates of the given point P,

14
3=a2=>-3=4daa=-3 i R

e
We deduce the rule: y = —%xz. \

L PR,-3)
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9. Find the equation of the parabola with vertex V(0,0) and passing through the given point P.

a) P(1,2)__v=2¢ b) P(-2,-12)__v=-3%
-2 - |
g P(-3,6) Y% dy P(2,-6)__ Y="7*
0. The table of values on the right associates the time ¢ (in s) 1) ) 7
elapsed since a free-falling object was dropped with the
distance d (in m) traveled by the object, rounded to the nearest dim) 5 120

T 1. Consider the table of values on the right. Find the rule of the function

40

unit.

a} Find the rule of the function which associates the time elapsed ¢ with the distanced

traveled, knowing that the distance traveled is directly proportional to the square of the

elapsed time.

d = 512
b} Find the rule of the function which associates the distance d traveled with the
= |4
elapsed timet. V5

¢} Determine

1. the distance traveled by the object 4 seconds after it was dropped.
2. the time required for the object to travel a distance of 180 m.

if
a} wis directly proportional to x. y=2x

80 m

6 sec

b) 1y is directly proportional to the square of x. _¥ =’
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5.

0. The monthly salary y of an employee depends on the amount Sﬁfﬂfw}y

. s B s TTR— Rt S

The cost (in $) of sending a parcel depends on its mass (in g). Ccostyy - e—o
The cost is $5 for a mass less than 100 g and $2.50 for each {§) o —
additional 100 g. *—o

@} Draw the graph of the function which associates the mass e
x of the parcel with the cost v of sending it. *=0

b} What is the cost of sending a 325 g parcel? _$12.50

¢} In what interval lies the mass of a parcel if it costs $15 to }

send it? _[400, 500[ o] 100 Mass (g)

From the top of 80 m tall building, an object is thrown Distance 4 4
vertically downward. The function f which associates the time By
t (in s) elapsed since the start with the distance d traveled (in
m) has the rule: d = 522,

a} Represent function fin the Cartesian plane on the right.
b) At what time ¢ does the object hit the ground? _ 45
¢} Determine in this situation 0T

t
1. dom f. {04 2. ranf. [0, 80] o Tmr;(;s—}

A herd presently contains 7 elephants. This herd doubles every 6 years. After how many
years will the herd contain 112 elephants? _After 24 years

A capital of $1000 is invested during 5 years at an interest rate of 10% compounded
annually. Determine the accumulated capital. ¥ = 1000(1.10) = $1610.51

A ball bounces to a height equal to g of the height reached with the previous rebound.

The ball is dropped from a 25 m tall building. What height does the ball reach after the
sixth rebound? _1.17 m

of sales made during the month. The function f which gives ®
the employee’s salary has rule:

f) o {0.0Sx 0 <x < 40000
0.2x — 6000 x > 40 000 el :
a} Represent the function in the Cartesian plane on the right. 010 ém Sales
b} What is the salary of an employee who makes $30 000 in amount {$)
sales in a month? $1500
<) What is the amount of sales made by an employee who receives a salary of $4700?
$53 500 S
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